In this paper a generalized fundamental solution using the boundary element method to solve the Helmholtz equation is proposed. It is observed that the commonly used fundamental solution is only valid for good conductors since the capacitive effect of the considered medium is always neglected.
Introduction
In order to transport natural gas or oil, steel pipes are used. These pipes are constructed in order to supply resources at different locations located at great distances apart from each other. To avoid visual inconvenience, these pipelines are often buried at specific locations.
Besides these pipelines, there is also the necessity to transport electrical energy over long distances and to supply at the same locations. Due to the scarcity of land in the developed world, there is the tendency to allocate the same utility to these means of energy transport.
As a result, pipelines and power lines come into close proximity and an electromagnetic coupling occurs between both. The electromagnetic field originating from the power line induces a voltage on the buried pipeline which leads to risks for human safety and structural damage. Since the calculation of the level of induced voltages is dependent of a multitude of parameters, it is obvious an analytical solution of a real life situation is excluded. Therefore, there is the need to model the problem using numerical calculations methods.
In 1926, Carson [Carson (1926) ] was the first who modelled electromagnetic field problems involving overhead powerlines. Using equivalent circuits this lead to his well-known formulae. In 1949 Sunde extended the model towards a multilayered earth [Sunde (1966) ].
Later on simulation software was developed using a transmission line model (TLM), like ECCAPP [Dawalibi (1986 [Dawalibi ( , 1989 ], that was further improved by Bortels in [Bortels (2006) ].
Munteanu [Munteanu (2012) ] however didn't use a TLM to tackle to model, but developed a method that combined a finite element method (FEM) with a boundary element method (BEM). This model consists of a one dimensional discretization of the pipeconductor using FEM and whereby the surrounding earth is modelled using a three dimensional BEM. In fact this was an extension of the DC model of Brichau [Brichau (1994) ] to AC.
However, it was observed that a hiatus was present in the model, namely the way of dealing with unbounded regions, in this case the soil surrounding the pipeline. In such a situation, the BEM requires a specific solving method, namely to calculate the geometry dependent coefficient c i in the general ex-2 pression in an indirect way. This problem was solved by the authors through the proposal of an innovative yet general method based on the skin depth [Schoonjans (2017) ].
Next, without anyhow devaluating the excellent work performed by Munteanu, another limitation of his model is the absence of a coating layer. Obviously, this is a drawback when real life situations need to be investigated. Since a coating layer cannot be perceived as a good conductor and because the fundamental solutions described in the literature are only valid when modelling conductive media, a more general expression of the fundamental solution for the BEM when modelling high-voltage low frequency electromagnetic field problems is derived in this paper. This general expression, which can be approximated for either good conductors or for dielectric materials, is used to model the coating layer.
In the first part a briefly overview is given of electromagnetic waves in order to define the attenuation as well as the phase coefficients. In the second part these coefficients are used to derive the most general fundamental solution for the BEM needed to model the coating layer. In the following part the model is discussed and in the final part of this paper simulation results are discussed and compared with those of a TLM.
Description of the electromagnetic waves

Wave equations
In homogeneous, linear and isotropic media, electromagnetic waves can be described in a direct way by the electric field E and the magnetic field B [Griffiths (1999) ]
where µ, σ and represents respectively the permeability, conductivity and permittivity of the medium wherein the wave propagates. As generally known, equations (2a) and (2b) admit plane-wave solutions that are expressed by [Reitz (1979) ]
in whichẼ 0 andB 0 are functions of the applied boundary conditions andk is the complex wave number. The complex wave number equals
where the attenuation transmission coefficient α and the phase transmission coefficient β are [Stratton (2007) ]
Potential functions
In numerical electromagnetics it is more common to use potential functions in order to execute the computations rather than to calculate the electric field E and the magnetic field B in a direct way.
Therefore the magnetic vector potential A and the electric scalar potential Φ are introduced and defined as
Field equations are invariant to gauge transformations, allowing prescribing any convenient gauge condition. The aim is to model a coating layer of a buried pipeline. For this medium, the capacitive characteristics cannot be neglected in comparison to the conductive properties. Therefore, the Lorentz gauge condition used in the following form
Using this condition, Maxwell's equations can be reduced to the following Helmholtz equations that describe electromagnetic field problems without loss of generality,
The wavenumber equals
and characterizes the medium where the Helmholtz equation holds.
Fundamental solutions in the BEM
If a Helmholtz equation of an arbitrary function f in a region Ω with boundary Γ as a governing equation is considered, the BEM can be used to calculate any function value of any arbitrary point p i within the region by use of the following general expression of the method
with G the so-called fundamental solution or Green function of the governing equation and n the unit outward normal to the boundary Γ [Brebbia (1989) ].
Generally, the fundamental solution listed in BEM reference books like [Brebbia (1989) ; Shen (1995) ; Sadiku (2001) ; Sykulski (1995) ] related to electromagnetic field problems neglects the capacitive effect of the modelled medium. In order to take this effect into account, the fundamental solution takes the form
with again α and β the coefficients in equations (4a-b).
Note that if the capacitive effect is neglected -i.e. a good conductor is considered -it is stated that [Balanis (2012) ]
thus the attenuation as well as the phase transmission coefficients converges to the following value [Balanis (2012) ]
5 which leads to the well-known fundamental solution for good conductors,
If dielectric materials are considered the attenuation transmission coefficient converges to [Balanis (2012) ],
and the phase transmission coefficient to [Balanis (2012) ],
The fundamental solution for a dielectric material is therefore,
Combined BEM-FEM-model for coated buried pipelines
In what follows the model described by [Munteanu (2012) ] is completed by incorporating the coating layer between the pipeline and earth that is always present.
The buried pipeline is modelled using the FEM, while the coating layer is modelled using the BEM by making use of the general fundamental solution in (10).
The surrounding earth is modelled using the BEM whereby the innovative method as described in [Schoonjans (2017) ] is implemented.
Each medium is, in general, characterized by its corresponding permeability µ, conductivity σ and permittivity , see figure 1. However, for the steel pipe as well as for the surrounding soil p respectively s can be neglected.
Due to the inductive coupling between buried pipelines and neighbouring high voltage AC power lines, a voltage Φ is induced inside the steel medium.
Because of the high conductivity of this medium it is assumed that Φ is radial independent, meaning that the potential on the inside of the coating layer over the whole boundary equals Φ.
Through the coating layer a radial current density J ρ will flow because of the voltage difference between the potential Φ in the steel pipe and the potential V of the surrounding earth.
The potential on the outside of the coating layer is defined as V and a current density from the coating layer to the surrounding earth will flow as well and is called Q ρ .
These different physical quantities are schematically presented in figure 2. 3.1. The steel pipe modelled using the FEM In the steel pipe the material properties are noted with the subscript p. Since steel pipes are good conductors, condition (11) holds and the wavenumber in (7b) reduces to λ = −iωµ p σ p and the Helmholtz equation that holds in the steel pipe is
This so-called internal Helmholtz equation is solved using an axisymmetric coordinate system that is always aligned with the centre of the pipeline.
Since the dimensions in axial z-direction are orders of magnitude higher compared to those in the radial θ-direction any variance of the potential in the θ-direction is neglected.
The Helmholtz equation (17) in an axiymmetric coordinate system and neglecting the θ-direction is
In the gauge condition (6) the capacitive effect is neglected and substituted into (18). The magnetic vector potential A originates from the high voltage power line -see section 3.3 -and since the wall thickness of the pipe is negligible compared to its distance to the power line any variation of the radial component of A in that direction will also not be taken into account.
Equation (18) becomes
The latter equation is reduced to an equation along only the z-direction by integrating it over the pipe surface,
and assuming that no radial current flows into the inner side of the pipeline, the governing equation for the inner problem becomes
The standard FEM with linear elements is used to discretize (21) yielding for each element of length with nodes i and j the following set of equations:
with I the current in the axial direction, k = 2πR p the surface of revolution per element and S P = σ p S p / the axial conductivity.
In this approach it is assumed that J ρ varies linearly within each element between the values J ρ i and J ρ j . The same reasoning holds for A z .
Writing these two equations for all elements yields the system of equations representing the internal potential problem in the pipes noted with superscript p using the FEM:
In this system of equations the axial component of A is an imposed source term but it is obvious that since two unknowns remain, this system of equations still needs to be extended.
3.2. Modelling the coating layer and the earth using the BEM Two boundaries are distinguished, namely that of the steel pipe and that of the coating layer. The coating layer, bounded by the steel pipe and surrounding earth, as well as the surrounding earth, are modelled using the BEM.
The coating layer
A purpose of the coating layer is to protect the pipeline against corrosion. Hence, it is obvious that a coating layer has a very high electrical resistance compared to the steel pipeline and the surrounding earth. Thus, one could argue to introduce the coating layer in the model as an impedance with a high ohmic resistance between the soil and the steel pipe. This approach however does not work properly since it only takes into account the voltage drop over the coating layer seen at each node. This was observed after numerous calculations.
Note that the strength of the BEM is that the influence of each neighbouring node is taken into account. Therefore the coating layer is modelled using the BEM. A solution with the well-known fundamental solution (13) with a high resistance leads to numerical errors. Again, also this observation was made after numerous computations. Thus, to be able to use the BEM for modelling conductive-capacitive media, the proposed general expression of the fundamental solution (10) needs to be used. This fundamental solution may be approximated when dealing with dielectric materials, see (16), yet due to the specific characteristics of a coating layer, it cannot be perceived as a dielectric material for the following reasons.
In general, a coating layer is, from an electromagnetic point of view, characterized by its permeability µ, conductivity σ and permittivity . These characteristics combined with the angular frequency ω can be used to calculate the attenuation transmission coefficient α and the phase transmission coefficient β, see (4a) respectively (4b). For a polyethylene coating layer with the characteristics listed in Table 1 , the attenuation transmission coefficient α and the phase transmission coefficient β becomes 2.36957 × 10 −6 Np/m respectively 3.33211 × 10 −6 rad/m. When on the one hand the approximation formula for good conductors is used, see (12), a relative error of 18.6% respectively 15.7% is made. On the other hand, when the approximation formulas for good dielectrics are used, see (14) and (15), the relative errors are 42.2% respectively 29.7%. Thus, the coating layer is modelled by use of the most general form of the fundamental solution G 1 , see (10). The subscript c is used to distinguish the material properties. The coating layer around the steel pipe is discretized Thickness of the coating δ c 4mm Relative permittivity of the coating r 5 Relative permeability of the coating µ r 5 Resistance of the coating ρ c 25 × 10 6 Ωm Angular frequency ω 100π rad/s in the z direction in elements with length that coincide with the elements used to discretize the steel pipe. It is assumed that the current density J ρ that enters or leaves the coating at the steel surface as well as the current density Q ρ that enters or leaves the coating at the earth surface are only varying along the z-direction and in a linear dependency of z. These assumptions are complying with linear pipe elements, see [Munteanu (2012) ], and the FEM discretization of the pipe. Further, for the potentials Φ and V the same assumptions are made. Using the BEM, one has to integrate in each element over the outer surfaces of the coating: once at the outer radius of the pipeline, and once at the outer radius plus the coating thickness δ c , see figure 3 . Figure 3 : Modelling the coating layer using boundary elements.
As a result, if N elements are implemented to model the coating layer, the following BEM matrix system of dimension 2N × 2N is obtained
with H c and G c being the classical but complex BEM H and G matrices for the coating, hence the superscript c.
Furthermore, it is obvious that the coating layer is a closed system: the incoming current density summed over the whole inner surface equals the total outcoming current density over the exterior one, or elements S el int
with again N the number of elements. Observe that this is not necessarily true within each element.
As the coating is a closed system, the diagonal terms of the H c -matrix may be calculated as follows,
The surrounding earth
The sub-and superscript s annotates the material properties of the soil. In general the capacitive effect of the soil surrounding the buried pipeline is not taken into account since it can be considered to be a good conductor [Gary (1985) ]. Therefore the fundamental solution, G 2 , see (13), is used.
The function f in the general expression of the BEM, see (9), is now the potential V on the outside of the coating layer. Combined with (5b), the Lorentz gauge condition for good conductors and the constitutive equation of conductivity [Munteanu (2012) ], one has,
with σ s the conductivity of the surrounding soil and A ρ the radial component of the magnetic vector potential. The equation describing the influence of the surrounding earth becomes
The effect of the discontinuity between the air and the ground is taken into account using the principle of the mirror technique as discussed in [Munteanu (2012) ].
Following the same reasoning as in [Schoonjans (2017) ] the diagonal terms in the latter equation are calculated as follows
The magnetic vector potential
The applied source conditions in equations (23), (20) and (23) are the z and ρ components of the magnetic vector potential A originating from the high voltage power line. The general formula to compute A is [Shen (1995) 
whereby J s is the current density of one phase of the power line.
Since the current source is located in the air and the observation point is in the soil, the modified image theory needs to be applied, see [L.D. (1996) ].
In the case of power line frequencies (50 and 60 Hz), this implies that the modified current source is doubled compared to the initial current source [L.D. (1996) ]. Thus if the conductor is considered to be filiform and if again the fundamental solution (13) is used, for a 3 phase system the total magnetic vector potential at distance | r f | per phase, seen from the power line to the buried pipeline, becomes
where the vector 1 s,f is the unit vector in the direction of the power line per phase and I s,f is the phase current and normally shifted 120 degrees per phase.
Using (31) the contribution of each point of the power line to the buried pipeline of the magnetic vector potential can be computed. This is executed 13 by discretization of the power line into M elements of length whereby each element contributes to the total vector potential in each node of the discretized buried pipeline.
Note that in the general case the number of elements for discretization of the power line does not need to be equal to the number of elements for the discretization of the buried pipeline nor these elements need to be equidistant.
The complex magnetic vector potential A computed in each point through equation (31) is further split per element j into its axial A z j respectively radial A ρ j component by taking into account the angle between the pipeline and the power line. If 1 p j is the direction vector of the pipeline in element j and 1 HV i is that of the i-th element of the power line from which the contribution is calculated, the partition is [Bortels (2006) ]
Hence, successively computing (31), (32a) and (32b) considering the 3 phases yields the applied source conditions of the total system matrix.
The total system matrix
Combining (23), (20) and (23) yields the total system matrix
14 By following the procedure described in section 3.3 the applied boundary conditions in the RHS of the total system matrix is calculated resulting in a solvable system of the form A X = B.
The one dimensional column X represents the unknowns i.e. the voltage Φ in the pipe, the voltage V in the earth at the coating surface, the inner radial current density J ρ and the outer radial current density Q ρ . Due to the use of (29) the potential at infinity is fixed at 0V .
Validation of the model
Electromagnetic parameters
The total system matrix is numerically implemented in a C-environment of XCode Version 6.3 (6D570) through which any arbitrary configuration of a buried pipeline in the presence of a high voltage power line can be calculated. The used electromagnetic simulation parameters are listed in table 2. 
Overview of the configurations
Two specific configurations are simulated. The first configuration is one of a pipeline that parallels a high voltage line for a few kilometers and ends at both ends. The second configuration is a real life situation where a pipeline approaches a high voltage line at a certain angle, runs parallel with it for a few kilometers and diverges away from it. The coordinates of both configurations as well as that of the high voltage line are listed in table 3.
Simulation Results
In order to verify the model, the results are compared with those of a transmission line model discussed in Bortels (2006) . Since this latter model already has proven its validity, this comparison is justified. Furthermore, it is also observed by the authors that the coating layer could not be modelled as an impedance between the internal problem using the FEM and the external problem using the BEM, since this approach would assume that J ρ i = Q ρ i in each node. It was observed after numerous calculations that such an assumption in this application leads to numerical errors. Observe that analytical solutions do not exist. Hence, both models, the transmission line model and the proposed one in this paper are approximations. However, since the transmission line model demands characteristic impedances at both ends of the configuration in order to simulate a pipeline that diverges away from a power line, it can be argued that the proposed model contains a better approach, since this condition is implemented in an intrinsic way.
It is observed that the simulation results of the proposed model using a fundamental solution which takes into account the capacitive effect of the considered medium are in good agreement with those of a transmission line model. This good agreement is valid for a simple as well as a complex configuration. Yet, the proposed method includes all different electromagnetic characteristics in a directly implemented way including the coating thickness and conditions at both ends of a pipeline.
Conclusion
In this paper a generalized fundamental solution when using the boundary element method for electromagnetic field problems is proposed. This generalized fundamental solution incorporates the capacitive effect when dealing with media wherein this effect is not negligible, such as coating layers.
Using this generalized fundamental solution, a model was developed which combined a finite element method with the boundary element method of a buried coated pipeline in close proximity to a high voltage line, where as source conditions the magnetic vector potential originating from this high voltage line is calculated.
The model is implemented by the authors in a C-environment, and any configuration can be calculated. Two configurations were implemented and the results were compared with the results of a transmission line model.
There is a slight difference between the two models that we assign to unavoidable approximations of both methods. This requires additional research and eventually comparison with field measurements. One can conclude that the proposed model with the generalized fundamental solution using the boundary element method is valid and can be used for industrial applications. 
